Introduction
Let X be a smooth projective variety over a number field F . To any embedding X ⊂ P n F of X over F , we may associate a height function given by
(1.1) where x = (x 0 : · · · : x n ) ∈ X(F ) and | · | v is the usual absolute value associated to a place v of F . The product formula v∈Val(F ) |λ| v = 1, for any λ ∈ F * , implies that this expression is independent of the choice of representation of x in homogeneous coordinates. More generally, one may associate a height function H L to any adelically metrised line bundle L = (L, || · ||) on X (see Section 3 for further details). The advantage of such a definition is that it is intrinsic, i.e it does not depend on a choice of embedding. In the case where L is ample, the number of rational points of bounded height is finite and thus it makes sense to consider the counting function
for any B > 0 and any open subset U ⊂ X. More generally still, if L is big then the number of rational points of bounded height is finite on some open subset of X, thus we also obtain well-defined counting functions on certain open subsets of X. One can even define these counting functions for arbitrary adelically metrised line bundles L, where by convention if U contains infinitely any rational points of bounded height we set N (L, U, B) = ℵ 0 . In the papers [FMT89] and [BM90] , Manin and his collaborators formulated various conjectures on the asymptotic behavior of these counting functions as B → ∞. If we denote by Eff(X) ⊂ NS R X = NS X ⊗ Z R the closed cone generated by the classes of effective divisors, then we define the Nevanlinna invariant of an effective line bundle L on X to be a(L) = inf{r ∈ Q : r[L] + [ω X ] ∈ Eff(X)}. However it turns out that this second conjecture (1.4) as stated is not true, and an explicit family of counterexamples over certain number fields was constructed by Batyrev and Tschinkel [BT96] . Nevertheless (1.4) is still true in many cases, and sometimes in more generality than originally stated (for example with L big, rather than just ample). For example (1.4) is known for some del Pezzo surfaces (e.g. [BB11] and [Lou10] ), flag varieties [FMT89] , toric varieties [BT98] , and various other equivariant compactifications of homogeneous spaces [CLT02] . These conjectures have also been shown to be compatible with various geometrical constructions, such as products. However one important construction seems to have been so far overlooked, namely the Weil restriction.
The Weil restriction (or restriction of scalars) was originally defined by Weil [Wei82] , and is a way of constructing an algebraic variety R F/E X over a smaller number field E ⊂ F whose set of E-rational points is canonically in bijection with the F -rational points of X (see Section 2 for a precise definition). In general, one expects the arithmetic properties of X to be closely related to those of R F/E X. For example if A is an abelian variety, then so is R F/E A and Milne [Mil72] has shown that the Birch and Swinnerton-Dyer conjecture holds for A if and only if it holds for R F/E A. In this paper we address the question of how the counting problems for X and R F/E X compare.
The first problem is to construct a height function on R F/E X from one on X. In Section 3.2 we show that given an adelically metrised line bundle L on X, there is a way to define an adelically metrised line bundle R F/E L on R F/E X which satisfies
for any open subset U ⊂ X and any B > 0. Moreover this construction preserves positivity properties (such as effectiveness, ampleness and bigness) and also the canonical line bundle. This allows us to define the Weil restriction R F/E H L of the associated height function H L . This leads to our main theorem.
Theorem 1.1. Let E ⊂ F be number fields. Let (X, L) be a smooth projective variety over F together with a big adelically metrised line bundle such that X(F ) = ∅. Let ε > 0 and let U ⊂ X be an open subset. Then (1.3) holds for (X, U, L) if and only if (1.3) holds for
Examples of varieties for which [ω X ] is not effective and H 1 (X, O X ) = 0 include all rationally connected varieties [Deb01, Cor. 4 .18], in particular all geometrically rational varieties and all Fano varieties. For these latter classes of varieties we also show that the refined conjecture due to Peyre [Pey95] , on the leading constant appearing in the asymptotic formula, is compatible with the Weil restriction.
An immediate corollary of Theorem 1.1 is that if Manin's conjectures hold for (X, L), then they also hold for (R F/E X, R F/E L). The problem with the converse is that the open subset U ′ ⊂ R F/E X for which (1.3) or (1.4) holds might not be of the form R F/E U for some open subset U ⊂ X. Nevertheless, there are many examples where this is true. For example, for flag varieties (1.4) holds on the whole space, i.e. it is not necessary to restrict to an open subset. Therefore the equivalence of Manin's conjecture for a flag variety X and for its Weil restriction R F/E X is clear. As the Weil restriction of a flag variety is also a flag variety, we see that Manin's conjecture for all choices of adelic metric on every big line bundle on every flag variety over Q is equivalent to the same conjecture for all flag varieties over any number field. Also for toric varieties, Manin's conjecture is known to hold on the open subset given by the embedded algebraic torus T . As the Weil restriction R F/E X of such a toric variety X is also a toric variety under the algebraic torus R F/E T , we again see that one may reduce the proof of Manin's conjecture for all toric varieties over every number field to those toric varieties which are defined over Q. Similar results hold for equivariant compactifications of other homogeneous spaces and also for varieties for which every accumulating subvariety of R F/E X is of the form R F/E Z for some subvariety Z ⊂ X. Using Theorem 1.1 we are also able to obtain many new cases of Manin's conjecture, given as the Weil restrictions of suitable complete intersections in projective space. Theorem 1.2. Let E ⊂ F be number fields and let X ⊂ P n be a non-singular complete intersection of m hypersurfaces over F each of the same degree r. Suppose that n ≥ (m + 1)(r − 1)2 r−1 + m, and X(A F ) = ∅. Let H be the height function (1.1) on X. Then Manin's conjecture (1.4) with Peyre's constant holds for R F/E X with respect to R F/E H.
We are in fact able to handle more general height functions than (1.1), namely we allow arbitrary norms at the archimedean places, rather than simply the maximum norm (see Section 4.3 for a precise statement). The varieties R F/E X occurring in Theorem 1.2 are complete intersections in the Weil restriction R F/E P n of projective space. This result therefore follows the philosophy emphasised in [Pey01] , namely that of studying Manin's conjecture for complete intersections inside arbitrary Fano varieties, rather than simply complete intersections in the usual projective space. In [Ski97] , Skinner used the circle method to prove that weak approximation holds for the complete intersections X occurring in Theorem 1.2, by counting rational points in certain "boxes". Skinner's boxes are quite different however from the regions cut out by height functions, with the outcome being that Skinner's main theorem does not directly imply Manin's conjecture. In order to prove Theorem 1.2, we fill this gap in the literature by showing that Skinner's result may indeed be used to prove Manin's conjecture for such complete intersections. Our proof proceeds by covering the region of interest with Skinner's boxes and then applying his result to each such box. Other new cases of Manin's conjecture may be obtained by applying Theorem 1.1 to the del Pezzo surfaces over imaginary quadratic fields recently considered by Derenthal and Frei [DF13a] , [DF13b] , [DF13c] .
As we have already noted, Manin's conjecture (1.4) is not true in general and a family of counterexamples was constructed in [BT96] . However these counterexamples were only constructed over those number fields which contain Q( √ −3), in particular the existence of counterexamples over Q was left open. In Section 4.4 we apply the Weil restriction to the construction of [BT96] to produce counterexamples to Manin's conjecture (1.4) over any number field. Theorem 1.3. Let E be a number field. Then there exists a Fano variety X over E such that for every number field E ⊂ F , every open subset U ⊂ X F and every choice of adelic metric on ω
The layout of this paper is as follows. In Section 2 we recall certain facts about the Weil restriction and also define the Weil restriction of a line bundle. Section 3 contains various results on adelically metrised line bundles and height functions, and we also define the Weil restriction of an adelically metrised line bundle. We finish the paper by proving our main theorems in Section 4, together with the fact that Peyre's conjectural constant is compatible with the Weil restriction.
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Notation.
Geometry. For a field F , we denote by P n F and A n F projective n-space and affine n-space over F respectively. We sometimes omit the subscript F if the field is clear. A variety over F is a separated geometrically integral scheme of finite type over F . For every field, we fix a choice of algebraic closure F and we denote by G F the absolute Galois group of F with respect to F .
By a line bundle, we mean a locally free sheaf of rank one. Given a line bundle L on a scheme X over a field F , we denote by X and L the base change of X and L to F , respectively. We denote by Pic 0 X the subgroup of Pic X of line bundles which are algebraically equivalent to O X , and by Pic L X the subset of Pic X consisting of those line bundles which are algebraically equivalent to a fixed line bundle L. Note that Pic L X is a torsor for Pic 0 X. Given a line bundle L on a variety X, we denote by [L] the class of L in NS R X and by ω X the canonical bundle of X if X is also smooth. The symbol ⊠ is used to denote the external tensor product. Namely, given line bundles L i on varieties
as a line bundle on X 1 × X 2 , where π i : X 1 × X 2 → X i denote the canonical projections (i = 1, 2).
Number theory. For any number field F , we denote by O F the ring of integers of F and by Val(F ) the set of valuations of F . For any v ∈ Val(F ), we denote by F v (resp. O Fv ) the completion of F (resp. O F ) with respect to v. Given a finite set of places S ⊂ Val(F ) containing all archimedean places, we denote by O F,S the ring of S-integers of O F . We choose absolute values on each F v such that |x| v = |N Fv/Qp (x)| p , where v|p ∈ Val(Q) and | · | p is the usual absolute value on Q p . The advantage of these choices is that we have the following product formula
We denote by F ∞ = F ⊗ Q R = v|∞ F v . We also choose algebraic closures F v ⊂ F v and we equip F v with the unique absolute value extending the absolute value on F v . We choose Haar measures dx v on each F v such that
for all but finitely many archimedean v. We equip the adeles A F of F with the induced Haar measure and denote by µ F the volume of A F /F with respect to the induced quotient measure.
The Weil restriction
We begin by recalling the definition of the Weil restriction. The Weil restriction was originally defined by Weil in [Wei82] (which he called the restriction of scalars), however we follow a more modern approach as can be found in [BLR90, Ch.7.6].
Let A be a commutative ring and let B be an A-algebra which as an A-module is finite and locally free (e.g. A ⊂ B is a finite field extension). For any scheme X over B we define the functor R B/A X, from the dual of the category of schemes defined over A to the category of sets, to be the right adjoint of base change. That is to say, we define
for any A-scheme S. If this functor is representable by a scheme over A, then we call this scheme (also denoted by R B/A X) the Weil restriction of X. For our purposes, it will be sufficient to know that the Weil restriction exists whenever X is quasi-projective over B (see [BLR90, Thm. 7 We shall be particularly interested in the case of a finite extension E ⊂ F of perfect fields of degree d. We denote by σ i : F → E the embeddings of F into E for i = 1, . . . , d. Then given a scheme X over F , the counit of the adjunction gives rise to a morphism p : R F/E X → X defined over F which induces an isomorphism
over E, where X σ i = X × σ i E denotes the conjugate of X with respect to σ i .
Example 2.1.
(1) The Weil restriction of the affine line A 1 F over F is the affine space A d E over E. The morphism p can be realised as
where α 1 , . . . , α d is a choice of basis for the field extension E ⊂ F . Given that the functor R F/E preserves affine varieties, fibre products and closed embeddings, this gives a simple way to write down equations for the Weil restrictions of affine varieties. (2) Equations for the Weil restrictions of projective varieties are not as simple in general.
For example, if E ⊂ F is a quadratic field extension and X = P 1 F , then R F/E X can be embedded as a quadratic surface in P 3 E . Indeed, R F/E X is isomorphic to
F × {y} and L 2 = {x} × P 1σ F are swapped by Gal(F/E). Hence the divisor L 1 + L 2 is defined over E and moreover gives the required embedding R F/E X ֒→ P 3 E . For general d, a similar argument shows that equations for R F/E P n F can be given by some appropriate twist of the Segre embedding of
The norm of a line bundle. We now recall some facts that we shall need on the norm of a line bundle (see e.g. [EGAII, Sec. 6 .5] or [Oes84, Sec. 4.1]). Let A be a commutative ring and let B be an A-algebra which as an A-module is finite and locally free of rank d (e.g. A ⊂ B is a finite field extension of degree d). Let X A be a reduced Noetherian scheme of finite type over A and let L be a line bundle on
which is a line bundle on X A . We have the following properties.
(1) There is a canonical isomorphism
(2) The norm functor respects base change, i.e. if A ′ is an A-algebra then we have a canonical isomorphism
where
canonically. (4) There is also a canonical isomorphism
In particular we obtain an induced injective homomorphism N B/A : Pic X B → Pic X A of Picard groups. Note that our notation differs slightly from that of [EGAII, Sec. 6 .5], where the norm is defined for more general finite morphisms of schemes. We have used simpler notation due to the fact that we shall only be taking the norm with respect to finite morphisms arising from base change.
2.2. The Weil restriction of a line bundle. We now define the Weil restriction of a line bundle. Throughout this section E ⊂ F is a finite extension of perfect fields of degree d. We denote by σ i : F → E the embeddings of F into E (i = 1, . . . , d). We define the Weil restriction of a line bundle L on a quasi-projective variety X over F to be
For any local section s of L, we also obtain a local section
Note that over E we have isomorphisms
This construction gives rise an injective homomorphism R F/E : Pic X → Pic R F/E X, which also induces injective homomorphisms R F/E : Pic
Lemma 2.2. Let (X, L) be a smooth projective variety over F together with a line bundle.
(2) L is effective (resp. big, resp. ample) if and only if the same holds for R F/E L.
Proof. In what follows, we identify R F/E X with
To prove the first part of the lemma, we note that given non-singular varieties X j for j = 1, 2, we have
. Therefore, we see that the canonical line (1) follows. By the Künneth formula for coherent cohomology [SW59] and flat base change [Har77, Prop. III.9.3], we have
From this, we see that 
Next, let ϕ : X P n F be a rational map associated to L. Then, a rational map associated to R F/E L may be given by the composition of d i=1 ϕ σ i with the Segre embedding, on choosing isomorphisms (P n E ) σ i ∼ = P n E . As this map is an embedding if and only if ϕ is an embedding, we see that L is very ample if and only if R F/E L is very ample, and therefore that L is ample if and only if R F/E L is ample. This proves (2).
We now study the relationship between Pic X and Pic R F/E X. For this we shall often use the following well-known result.
Lemma 2.3. Let X be a proper variety over F . If X(F ) = ∅ then the natural map
Throughout this paper we will often assume that our varieties have rational points in order to apply this lemma. The existence of a rational point will also be crucial when we show that Tamagawa measures are preserved under the Weil restriction (see Lemma 4.7).
Lemma 2.4. Let X be a smooth projective variety over F such that X(F ) = ∅. Then the map R F/E : Pic 0 X → Pic 0 R F/E X is an isomorphism.
Proof. We again identify R F/E X with
for any line bundle L on X. First, it is well-known that for smooth projective varieties X 1 and X 2 over an algebraically closed field the natural map Pic
i , is an isomorphism. This map is obviously a homomorphism of G F -modules and thus shows that Pic 0 R F/E X is the representation induced from the action of G F on Pic 0 X. Next, by
Shapiro's Lemma [NSW00, Prop. 1.6.3] we see that (Pic
, and the result follows.
Example 2.5. We sketch an example to show that the map R F/E : Pic X → Pic R F/E X may not be an isomorphism in general. If E ⊂ F has degree two and C is an elliptic curve over E, then R F/E C F is isogenous to C × C ′ over E, where C ′ denotes the quadratic twist of C with respect to E ⊂ F . In particular, the pull-back of C × 0 and 0 × C ′ give two linearly independent curves in NS(R F/E C F ). Thus clearly Pic C ∼ = Pic R F/E C; indeed C has Picard number one whereas R F/E C F has Picard number at least two.
However in the case where X is Fano, or more generally when H 1 (X, O X ) = 0, the map R F/E : Pic X → Pic R F/E X is an isomorphism as soon as there is a rational point.
Lemma 2.6. Let X be a projective variety over F such that
Proof. In what follows we identify R F/E X with
As in the proof of Lemma 2.2, we see that the Künneth formula for coherent sheaves and flat base change imply that
is an isomorphism. This map is obviously a homomorphism of G F -modules and thus proves (2). As in the proof of Lemma 2.4, the fact that X(F ) = ∅ implies (3). Finally note that Pic 0 X = 0 by [BLR90, Thm. 8.4.1] as H 1 (X, O X ) = 0. Therefore NS X = Pic X, and so (4) follows from (3), Lemma 2.2 and Lemma 2.4
Adelically metrised line bundles
The aim of this section is to define the Weil restriction of an adelically metrised line bundle. We begin by recalling various facts about height functions and adelically metrised line bundles, which can be found for example in [CLT10] , [Pey03] or [BG06] . Throughout this section F is a number field.
Definition 3.1. Let (X, L) be a variety over F together with a line bundle. For a place v ∈ Val(F ), a v-adic metric on L is a map which associates to every point
For any open subset U ⊂ X and any local section s ∈ Γ(U, L), the function given by x v → ||s(x v )|| v is continuous in the v-adic topology.
One important way of constructing metrics at non-archimedean places is given as follows.
Example 3.2. Choose a non-archimedean place v ∈ Val(F ) and let (X, L) be a projective variety over F v together with a line bundle. Let (X , L ) be a model of (X, L) over O Fv , i.e. a flat projective morphism X → O Fv whose generic fibre is isomorphic to X and a line
, there exists a unique λ ∈ F v such that ℓ = λℓ 0 . We therefore define a v-adic metric on L by ||ℓ|| v = |λ| v . Note that this definition is independent of the choice of generator ℓ 0 ; indeed any two generators must differ by a unit and units have absolute value 1. Definition 3.3. Let (X, L) be a projective variety over F together with a line bundle. An adelic metric on L is a collection || · || = {|| · || v } v∈Val(F ) of v-adic metrics for each place v ∈ Val(F ), such that all but finitely many of the || · || v are defined by a single model of (X, L) over O F . We denote the associated adelically metrised line bundle by L = (L, || · ||).
An important feature of adelically metrised line bundles is that they have an associated height function.
Definition 3.4. Let (X, L) be a projective variety over F together with an adelically metrised line bundle. Then we define the height function H L associated to L to be
where s is any local section of L which is defined and non-zero at x ∈ X(F ). The fact that this definition is independent of s follows from the product formula.
3.1. Examples and properties. We now give some standard examples and properties of adelically metrised line bundles. In what follows X is a projective variety over a number field F and L = (L, || · ||), L 1 = (L 1 , || · || 1 ) and L 2 = (L 2 , || · || 2 ) are adelically metrised line bundles on X.
3.1.1. The structure sheaf. There exists a natural choice of adelic metric on the line bundle O X given by ||ℓ|| v = |ℓ| v for any place v ∈ Val(F ). It follows from the product formula that the associated height function is the constant function 1.
Tensor products.
There is an adelically metrised line bundle L 1 ⊗L 2 = (L 1 ⊗L 2 , ||·||) which for any place v ∈ Val(F ) satisfies
It is simple to see that isometric adelically metrised line bundles give rise to the same height function. As an example of an isometry, note that since X is projective any automorphism of a line bundle is given by multiplication by a non-zero scalar in F . It follows from the product formula that such a map is an isometry.
3.1.4. Duals. One may define the dual L −1 of an adelically metrised line bundle in such a way that the natural map
3.1.5. The adelic Picard group. Given these choices, the set of adelically metrised line bundles up to isometry forms a group Pic X under the tensor product, the adelic Picard group of X. We have a natural surjective morphism Pic(X) → Pic(X) given by forgetting the adelic metric, and the theory of height functions can be viewed as a group homomorphism
3.1.6. Pull-backs. Given a morphism of projective varieties f : Y → X we may define the pull-back adelically metrised line bundle f * L on Y . For any local section s of L defined at
3.1.7. Projective space. The standard example of an ample adelically metrised line bundle is given by the line bundle O P n (1) on P n . Here for each set of generating global sections s 0 , . . . , s n of O P n (1) we may define an adelic metric on O P n (1) such that for any local section s of O P n (1) which is non-zero at x v ∈ P n (F v ), the v-adic metric is given by
Note that if s i = x i for each i = 0, . . . , n, the height function associated this adelically metrised line bundle is exactly the height function (1.1) given in the introduction. Also if X ⊂ P n , then by pulling-back we obtain an adelic metric on O X (1) which gives rise to the same height function (1.1). We may obtain other metrisations of O P n (1) by allowing arbitrary F v -vector space norms for a finite collection of places v of F in (3.1), instead of the usual maximum norm.
3
3.1.9. Effective line bundles. If L is effective, then there exists a constant c > 0 such that
for all x ∈ X(F ) not in the base locus of L.
3.1.10. Ample and big line bundles. If L is ample, then the number of rational points on X of bounded height is finite. More generally if L is big, then there exists an open subset U ⊂ X with this property.
3.2. The Weil restriction of an adelically metrised line bundle. Throughout this section E ⊂ F is an extension of number fields. Recall (2.1) that given a projective variety X over F and a line bundle L on X, we defined R F/E L = N F/E (p * L). In order to extend this definition to adelically metrised line bundles, it suffices to define the norm of an adelically metrised line bundle.
Example 3.5. Given a projective variety Y over E and an adelically metrised line bundle 
In particular, we see that the above v-adic metrics (3.2) do indeed come from a model for all but finitely many places. As for the height functions, one has H N F/E L (y) = H L (y) for all y ∈ Y (E). Indeed, choose a local section s of L which is defined and non-zero at y. Then by (3.2) we have
as required.
We therefore define an adelic metric on R F/E L by R F/E L = N F/E (p * L). This construction gives rise to a homomorphism R F/E : Pic X → Pic R F/E X. The following lemma relates the height function H L to H R F/E L and establishes (1.5).
Lemma 3.6. Let X be a projective variety over F together with an adelically metrised line bundle L. Then we have
for all x ∈ R F/E X(E). In particular,
for any open subset U ⊂ X and any B > 0.
Proof. It follows from immediately from the height equalities in Example 3.1.6 and (3.3) that we have
as required. The equality of counting functions follows from the fact that by definition, we have a bijection p : R F/E U (E) → U (F ) induced by p. This completes the proof of the lemma.
Manin's conjectures
In this section we prove Theorem 1.1, Theorem 1.2 and Theorem 1.3. We also show that Peyre's refined conjecture on the leading constant in the asymptotic formula is well-behaved under the Weil restriction (see Lemma 4.2 and Theorem 4.3).
4.1. Proof of Theorem 1.1. Throughout this section E ⊂ F is a finite extension of perfect fields of degree d (assumed to be number fields from Section 4.2.1 onwards). Let (X, L) be a non-singular projective variety over F together with a big line bundle such that X(F ) = ∅. In the light of Lemma 3.6, to prove Theorem 1.1 it suffices to show that the equalities 
If moreover [ω X ] is not effective and
In which case we have
Proof. Recall from Lemma 2.2 that the map R F/E : Pic X → Pic R F/E X preserves the canonical bundle and that a line bundle L on X is effective if and only if R F/E L is effective. Moreover as Pic L X is a torsor for Pic 0 X, it follows from Lemma 2.4 that Pic L X contains an effective line bundle if and only if Pic R F/E L R F/E X does. Hence with respect to the induced injective linear map R F/E : NS R X → NS R R F/E X, we see that [L] ∈ Eff(X) if and
as required. Now assume that [ω X ] is not effective and that H 1 (X, O X ) = 0. Then by Lemma 2.6, we see that we have an isomorphism of effective cones R F/E : Eff(X) → Eff(R F/E X) which preserves the canonical bundle. In particular as 
This completes the proof of Theorem 1.1. 4.2. Peyre's constant. In [Pey95], Peyre gave a refinement of Manin's original conjecture which predicts the form of the leading constant in the asymptotic formula (1.4) for Fano varieties. Namely, after fixing a choice of adelic metric on the anticanonical line bundle ω −1 X , he conjectured that the leading constant c ω
Here α(X) is defined to be
where ρ = rank Pic X and dx is the Haar measure on the dual vector space (Pic X ⊗ Z R) ∨ normalised so that (Pic X) ∨ has covolume 1. Also β(X) = #H 1 (G F , Pic X) and τ (X) is the "Tamagawa number" of X with respect to the choice of adelic metric on ω −1 X . The main result of this section is that this refined conjecture is compatible with the Weil restriction, i.e. we have an equality c ω
. We begin with α(X) and β(X).
Lemma 4.2. Let X be a smooth projective variety over F such that H 1 (X, O X ) = 0, X(F ) = ∅ and such that Pic X is a free abelian group of finite rank. Then
Proof. By Lemma 2.6 we know that Pic R F/E X is an induced representation of Pic X. Therefore Shapiro's lemma [NSW00, Prop. 1.6.3] implies that we have an isomorphism
X is big (this assumption is needed to make sure that α(X) is welldefined). By Lemma 2.2 and Lemma 2.6 we have an isomorphism R F/E : Pic X ⊗ Z R → Pic R F/E X ⊗ Z R which preserves the canonical bundle and induces an isomorphism of the Picard lattices and effective cones. As α(X) is defined purely in terms of this data and its dual, we see that α(X) = α(R F/E X).
4.2.1. Tamagawa numbers. We next address the Tamagawa numbers, so we assume that E ⊂ F are number fields. Weil [Wei82] was the first to define Tamagawa numbers of linear algebraic groups, and he also showed [Wei82, Thm. 2.3.2] that they are preserved under the Weil restriction for finite separable extensions of global fields. Weil's proof was however lacking in certain details, and a complete proof for all linear algebraic groups, including the non-separable case, was given by Oesterlé [Oes84, Thm. II.1.3].
Throughout this section X is a smooth projective variety of dimension n over F such that Pic X is a free abelian group of finite rank.
We also fix a choice of adelic metric on the canonical line bundle ω X . For example X could be a Fano variety with the adelic metric coming from a choice of anticanonical embedding. We now recall the definition of the Tamagawa measure on X(A F ) associated to this choice of adelic metric. Such measures were originally defined by Peyre [Pey95] in the case where X is Fano, however his construction also works in the slightly more general setting of (4.1) (see [CLT10] ).
For inspiration with the definition to come, let K be a local field and V a K-vector space of dimension n. Then a choice of norm || · || on det(V ) = n V determines a measure on V . Indeed, choosing an isomorphism φ : V ∼ = K n we have the measure
on V , where e 1 , . . . , e n are the standard basis vectors on K n and |dx 1 | · · · |dx n | denotes the product of the Haar measures on K n . It is easy to see that this is independent of the choice of φ. To define measures on varieties over local fields, we essentially apply this construction to the cotangent space of each point on the variety. For each place v of F , choose a differential form ω v of top degree defined on some open subset U v ⊂ X(F v ). Then in a choice of local coordinates x v,1 , . . . , x v,n we may write ω v as
We define the measure |ω v | v associated to ω v to be
This measure is independent of the choice of local coordinates, however it depends on the choice of ω v . We therefore consider instead the measure on U v given by |ω v | v /||ω v || v , which is independent of ω v . By gluing these measures, we obtain a measure τ X,v on X(F v ). The product of these measures does not converge in general, so we need to introduce convergence factors to get a measure on X(A F ). Since Pic X is a free abelian group of finite rank and moreover is a G F -module, we may define the corresponding Artin L-function L(s, Pic X) as a product of local factors L v (s, Pic X) for each finite place v ∈ Val(F ) (see e.g. [IK04, Sec. 5.13]). This L-function is holomorphic on Re s > 1 and admits a meromorphic continuation to C with a pole of order ρ = rank Pic X at s = 1. For each place v ∈ Val(F ) we define
The condition H 1 (X, O X ) = H 2 (X, O X ) = 0 implies (see [CLT10, Thm. 1.1.1]) that these are a family of "convergence factors", i.e. the measure
is a well-defined measure on X(A F ), called the Tamagawa measure of X. Here µ F denotes the volume of A F /F with respect to our choice of Haar measure (Peyre [Pey95, def. 2.1] includes instead a discriminant factor due to his specific choice of Haar measure). We define the Tamagawa number τ (X) of X to be
where X(F ) denotes the closure of X(F ) in X(A F ) with respect to the adelic topology. This construction depends on the choice of the adelic metric on the canonical line bundle ω X , but is independent of the choice of Haar measure on A F . We now consider the associated Tamagawa measure on R F/E X. In order to get an adelic metric on ω R F/E X , we need to choose an isomorphism of line bundles φ : ω R F/E X → R F/E ω X . As R F/E ω X comes equipped with an adelic metric coming from ω X , by transport of structures we obtain an adelic metric on ω R F/E X . Firstly note that this adelic metric is independent of the choice of φ, up to isometry. Indeed, the choice of the isomorphism φ depends only on the choice of a non-zero global section ϕ of ω R F/E X ⊗ R F/E ω −1 X . As R F/E X is projective, any other choice of global section must differ from ϕ by a non-zero scalar, and hence defines an isometric adelic metric on ω R F/E X (see Example 3.1.3). Next note that we deduce from (4.1) and Lemma 2.6 that Pic R F/E X is free of finite rank and that H 1 (R F/E X, O R F/E X ) = 0. Also using the Künneth formula as in the proof of Lemma 2.6, we find that H 2 (R F/E X, O R F/E X ) = 0. Hence R F/E X also satisfies the conditions (4.1) and we have constructed a well-defined Tamagawa measure τ R F/E X . As isometric adelic metrics clearly give rise to the same Tamagawa measure, we see that τ R F/E X is independent of the choice of φ.
Note that there is another natural way to define a measure on R F/E X(A E ). Namely, we may simply pull-back the Tamagawa measure τ X on X(A F ) via the homeomorphism p : R F/E X(A E ) → X(A F ). Our main result of this section is that these two constructions coincide.
Theorem 4.3. Suppose that X(F ) = ∅. Then we have p * τ X = τ R F/E X , i.e. the map
is an isomorphism of measure spaces. In particular there is an equality τ (X) = τ (R F/E X) of Tamagawa numbers.
We begin the proof of the theorem by considering the L-functions and convergence factors.
Lemma 4.4. There is an equality
of L-functions and for any place v ∈ Val(E) an equality λ v = w|v λ w of convergence factors.
Proof. Lemma 2.6 implies that Pic R F/E X is the induced representation of Pic X with respect to the field extension E ⊂ F . This gives the equality of L-functions and an equality
of local factors for each non-archimedean place v ∈ Val(E) (see e.g. [IK04, Sec. 5.13]). This completes the proof of the lemma.
Next we consider the local measures. Recall that we have chosen a non-zero global section ϕ of ω R F/E X ⊗ R F/E ω −1 X , which induces an isomorphism φ : ω R F/E X → R F/E ω X of line bundles, and also that we have a homeomorphism p v : R F/E X(E v ) → w|v X(F w ) for any place v ∈ Val(E).
Lemma 4.5. For each place v ∈ Val(E) there exists a constant A v depending on ϕ and v, such that
Proof. Let ω be a local algebraic differential form of top degree on X. To prove the lemma, it suffices to show that there exists a constant A v , depending on ϕ and v, such that p * v w|v |ω| w /||ω| w = A v |φ * R F/E ω| v /||φ * R F/E ω|| v . Note that such a constant is necessarily independent of ω; indeed these measures are independent of ω. Also as by definition we have an equality w|v ||ω|| w = ||φ * R F/E ω|| v , we only need to show that p * v w|v |ω| w = A v |φ * R F/E ω| v . To do this we work locally near each point Note that by the definition of the Weil restriction, for any E-algebra R we have a canonical bijection Hom(Spec R[ε]/(ε 2 ), R F/E X) → Hom(Spec(R⊗ E F )[ε]/(ε 2 ), X). In particular, the cotangent space T * xv of a point x v ∈ R F/E X(E v ) is canonically identified with the space w|v T * xw considered as an E v -vector space, where we write
where φ * R F/E ω(x v ) is identified with ϕ(x v ) ⊗ w|v N Fw/Ev ω(x w ). Next, for each w|v choose an isomorphism f w : T * xw → F n w such that det f w (ω(x w )) = e 1 ∧ . . . ∧ e n . It follows that the map f w is measure preserving and moreover we may identify T * xv with V = w|v F n w considered as an E v -vector space. As there are canonical isomorphisms N Fw/Ev det Fw F n w ∼ = E v , the isomorphism (4.3) simply becomes det Ev V ∼ = L(x v ). In particular we see that the two different measures on V , being both Haar measures on the same locally compact topological group, differ by a constant A v (x v ), which depends only on ϕ(x v ) and the field E v . But as L is isomorphic to the trivial line bundle, it has constant fibres and in particular ϕ(x v ), and hence A v (x v ), is in fact independent of x v . This completes the proof of the lemma.
In order to use Lemma 4.5 to deduce a global result, we shall need the following.
Lemma 4.6. For all but finitely many v ∈ Val(E) we have A v = 1.
Proof. To prove the lemma, it suffices to compare the measures of two measurable sets inside R F/E X(E v ) and w|v X(F w ) which are identified by p v . In particular it is sufficient to show that for all but finitely many v ∈ Val(E) we have
It then follows from [CLT10, Sec. 2.4.1] that for all but finitely many non-archimedean places v ∈ Val(E) we have
where p v and p w denote the prime ideals corresponding to the places v and w respectively. However, by the definition of the Weil restriction we have an equality of sets
for unramified primes p v (in particular for all but finitely many v), this shows that (4.4) holds for all but finitely many places and completes the proof of the lemma.
Hence from Lemma 4.4, Lemma 4.5, Lemma 4.6 and the definition (4.2) of the Tamagawa measures, we see that µ
where A = v∈Val(E) A v . Our next aim is to calculate A, which we may do by working locally near a single rational point. The following lemma will assist with this calculation.
Lemma 4.7. Let x ∈ X(F ) and consider the adelic cotangent space T * x ⊗ F A F equipped with the measure induced by the adelic metric on ω X . Then
Proof. Choose algebraic local coordinates x 1 , . . . , x n near x defined over F and let ω = dx 1 ∧ . . . ∧ dx n . Then these local coordinates give an isomorphism T * x ∼ = F n with respect to which we have |ω| v = |dx v,1 | v · · · |dx v,n | v for each place v ∈ Val(F ). Therefore the measure v |ω| v on T * x ⊗ F A F is identified with the product measure on A n F (note that we do not require convergence factors). Also, by Definition 3.4 we have v ||ω|| −1 v = H ω X (x). Therefore the measure v |ω| v /||ω|| −1 v on T * x ⊗ F A F is identified with H ω X (x) times the product measure on A n F , and the result follows. On choosing a rational point x ∈ R F/E X(E) we have an induced map T * p(x) → T * x of E-vector spaces which induces a homeomorphism
, with respect to the associated measures. However, on applying Lemma 4.7 we see that
by Lemma 3.6, we obtain A = µ n F /µ nd E . Combining this calculation with (4.5) proves that p * τ X = τ R F/E X .
As for the equality of Tamagawa numbers, we note that p : R F/E X(A E ) → X(A F ) is continuous and restricts to a bijection p : R F/E X(E) → X(F ). It therefore induces a measure preserving bijection p : R F/E X(E) → X(F ) and hence τ (X) = τ (R F/E X). This completes the proof of Theorem 4.3.
Complete intersections.
We now prove Theorem 1.2. As noted in the introduction, we are able to handle more general height functions than simply the height function (1.1). By Theorem 1.1, Lemma 4.2 and Theorem 4.3, it suffices to show the following result. Note that this result does indeed confirm (1.4), as ω −1 X ∼ = O X (n + 1 − mr) for such complete intersections (see [FMT89, Prop. 4] ). In the statement of the theorem X * denotes the "Birch singular locus" of X (see [Ski97] ). Even though X is non-singular this is nonempty. We have the upper bound dim X * ≤ m (we have used this bound to simplify the statement of Theorem 1.2). As explained in the introduction, our proof hinges on the results of [Ski97] . Peyre describes in great detail in [Pey95, Sec. 5 ] the relationship between the circle method and Manin's conjecture, and we follow his ideas closely. Peyre works over general number fields and only specialises to the case where F = Q at the end of his discussion, presumably because Skinner's result came after Peyre's paper.
We begin with some notation. For each ideal a of O F , we denote its norm by N (a) and we denote by a v = a ⊗ O F O v for each non-archimedean place v of F . We also choose representatives c 1 , . . . , c h for the class group of O F and let c = {c 1 , . . . , c h }. For each ideal a, we choose some λ a ∈ F * such that a = λ a c a for some c a ∈ c. By changing the c i if necessary, we may assume that λ a ∈ O F for each a. The first step of the proof is to lift the counting problem to one of counting integral points on the affine cone of X. Choosing the coefficients of the equations of X to lie inside O F , we obtain a model for X over O F . We denote the affine cone of this model by
. In what follows we shall identity W (F ) with its image in F n+1 ∞ . For any bounded subset O ⊂ F n+1 ∞ and any ideal a of O F we define
Here we write 
Proof. Choose an integral basis ω 1 , . . . , ω d for a. We shall work with the "boxes" inside
given by the translates of
where k ∈ N and we write r i = ω 1 r i1 + · · · + ω d r id . Let O k,− be the union of all nonoverlapping translates of B k strictly contained in O and let O k,+ be the union of all nonoverlapping translates of B k which strictly contain O. The assumption that O is bounded implies that there are only finitely many such boxes. Clearly [Ski97] implies that c(O k,± , a) exists, is finite and non-zero. The constants c(O k,± , a) are given by the product of the usual singular series and singular integral, which by a standard argument (see e.g. [Pey95, Sec. 5] or [SS13, Sec. 3.4]) may be written as
(4.7)
Using (4.6) we obtain
In particular c(O, a) is finite and non-zero. Our assumptions on O imply that
The dominated convergence theorem therefore implies that
The result is proved on applying the same argument again with the lim inf in (4.7) replaced by a lim sup.
We now define the Möbius function multiplicatively on ideals of O F via 
where the sum is over all ideals a of O F and w denotes the number of roots of unity in O * F . Here
where ∆ F denotes the fundamental domain for the action of O * F on F n+1 ∞ as constructed by Schanuel (see [Sch79] or [Pey95, Sec. 5.1]). Note that in [Pey95, Prop. 5.4.1], Peyre uses the same fundamental domain for each ideal a, whereas here it is more convenient for us to allow different fundamental domains for different ideals (the same proof also works in this case). By [Sch79, Prop. 2], the set O a is bounded. Moreover, its boundary clearly has zero measure with respect to v|∞ ω L,v (it is contained in {x ∈ W (F ∞ ) : v|∞ ||(x 0,v , . . . , x n,v )|| v = 1}). Hence O a satisfies the conditions of Lemma 4.9, though there is a slight problem as the error term in Lemma 4.9 is not uniform with respect a. We shall get around this by using a trick, which was also used by Schanuel in [Sch79] . Namely, we have chosen the regions O a in such a manner that N (O a , a, B) = N (O, c a , B/N (λ a )) where O = O (1) . Therefore, applying Lemma 4.9 to (4.8) we obtain 4.4. Counterexamples to Manin's conjecture. We now finish off our paper by proving Theorem 1.3. We begin by recalling a special case of the counterexamples constructed by Batyrev and Tschinkel [BT96] . Let X be the hypersurface in P 3 ×P 3 defined by the equation 
for any B > 0. As X is a smooth Fano variety with Pic X ∼ = Z 2 , this provides a counterexample to Manin's conjecture (1.4) over such fields F . Our counterexamples will be Weil restrictions of (4.9). To begin with, we need lower bounds on the number of rational points of bounded height on the Weil restrictions of certain cubic surfaces. In what follows, we use various standard facts about del Pezzo surfaces which can be found for example in [Man86] or [Har77, Ch. V.4]. Recall also that we say that a del Pezzo surface S over a field F is split if the natural map Pic S → Pic S is an isomorphism. In particular, a smooth cubic surface is split if and only if all of its lines are defined over the ground field.
Lemma 4.10. Let E ⊂ F be a quadratic extension of number fields, let S be a smooth split cubic surface over F and let S ′ = R F/E S. Let E ⊂ F ′ be a finite field extension and choose an adelic metric on ω
be an open subset and let B > 0. Then there exists a constant c > 0 such that
Proof. As all the lines in S are defined over F , we may contract any three non-intersecting lines L 1 , L 2 and L 3 to obtain a morphism π : Lemma 4.11. Let E be any number field and let X be given by (4.9). Let F = E( √ −3) and put X ′ = R F/E X F . Let E ⊂ F ′ be a finite field extension and choose an adelic metric on ω The fibres over those points with x 0 · · · x 3 = 0 are smooth diagonal cubic surfaces, and moreover the anticanonical bundle of these surfaces is isomorphic to the restriction of the anticanonical bundle on X. If we let ϕ : P 3 → P 3 , (x 0 : x 1 : x 2 : x 3 ) → (x 3 ), then the set ϕ(P 3 (F )) is Zariski dense in P 3 (F ). Moreover, as in the proof of [BT96, Thm. 3 .1], we see that since Q( √ −3) ⊂ F , the fibres over those points in ϕ(P 3 (F )) with x 0 · · · x 3 = 0 are split cubic surfaces, i.e. a Zariski dense set of the fibres of π are split cubic surfaces. We want an analogous statement for the corresponding map π ′ = R F/E π : X ′ → R F/E P 3 .
Let ϕ ′ = R F/E ϕ : R F/E P 3 → R F/E P 3 be the map induced by ϕ and let p : R F/E P 3 → P 3 be the usual universal morphism. We have the following commutative diagram
Note that the fibre of π ′ over a point x ∈ R F/E P 3 (E) is the Weil restriction of the fibre of π over the point p(x) ∈ P 3 (F ). Also, we claim that p −1 (ϕ(P 3 (F ))) is Zariski dense in R F/E P 3 (E). Indeed, by the commutivity of (4.11) we have the equality p −1 (ϕ(P 3 (F ))) = ϕ ′ (R F/E P 3 (E)). This later set is Zariski dense in R F/E P 3 as ϕ ′ is dominant. In particular, we see that there is a Zariski dense set of points in R F/E P 3 whose fibres with respect to π ′ are Weil restrictions of split cubic surfaces. The result therefore follows on combining Lemma 4.10 with the above calculation of ρ(X ′ F ′ ). We finish by remarking that by applying the same method to the varieties X n+2 : x 0 y 3 0 + x 1 y 3 1 + x 2 y 3 2 + x 3 y 3 3 = 0 ⊂ P n+2 × P 3 , considered in [BT96] , one may construct counterexamples to Manin's conjecture with arbitrary large dimension over any number field.
